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We study one-loop correction to the Chern-Simons coefficient k = k/An in N = 
1, 2, 3 supersymmetric Yang-Mills Chern-Simons systems. In the pure bosonic case, 
the shift of the parameter k is known to be k — > k + c v , where c v is the quadratic 
Casimir of the gauge group. In the N — 1 case, the fermionic contribution cancels 
the bosonic contribution by half and the shift is k — > k + c v /2, making the theory 
anomalous if c v is odd. In the iV = 2, 3 cases, the fermionic contribution cancels the 
bosonic contribution completely and there is no correction. We also calculate the 
mass corrections, showing the supersymmetry is preserved. As the matter fields 
decouple from the gauge field in the pure Chern-Simons limit, this work sheds some 



light on the regularization dependency of the correction in pure Chern-Simons 
systems. We also discuss the implication to the case when the gauge symmetry is 
spontaneously broken by the Higgs mechanism. 
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There has been recently some interest in the regularization dependency of the 
quantum correction to the Chern-Simons coefficient. For the quantum theory to 
be invariant under the large gauge transformations, the Chern-Simons coefficient k 
should be an integer [1]. In the Yang-Mills Chern-Simons theories, it is known that 
due to quantum correction the coefficient is shifted from k — > k + Cy [2,3]. If we 
take a limit where the Yang-Mills term disappear, we could conclude that there is a 
nonzero correction even in the pure Chern-Simons theory. However, the naive cal- 
culation in the pure Chern-Simons theory does not show such a correction [4]. Also 
we can use a somewhat complicated regularization to get many different corrections 
to the coefficient [5] . In short, there seems to be no clear principle to determine 
the quantum correction to the Chern-Simons coefficient in the pure Chern-Simons 
theory. 

In this paper we study the N = 1, 2, 3 supersymmetric Yang-Mills Chern- 
Simons systems. It is known that the maximal supersymmetry is iV = 3 as the 
massive vector multiplet can carry spin 1,1/2,0,-1/2 up to the sign [6]. As the 
Chern-Simons coefficient also appears in the mass term for the matter fields, the 
supersymmetry puts an additional constraint on the quantum correction to the 
parameter k. Since one-loop corrections in the supersymmetric theories turn out 
to be finite without any regularization, there is no regularization dependency in 
the quantum correction. Interestingly, the matter part of the supermultiplet de- 
couples the gauge field in the pure Chern-Simons limit. Thus, the correction in 
the pure Chern-Simons theory depends on whether there are other matter fields 
even though there is no interaction between them. Of course this is another dis- 
guise of the regularization dependency. However, we have an additional structure, 
supersymmetry, in the theory which we should respect, and so obtain a unique 
correction for each given supersymmetry. We should emphasize the correction to 
the Chern-Simons coefficient is meaningful only if there is any physical process 
which explores the physics of distance shorter than the Compton wavelength of 
the gauge bosons. 

One-loop corrections, especially due to tadpole diagrams, can be linearly di- 
vergent and disappear in the dimensional regularization. In our supersymmetric 
models the linear divergences explicitly cancel each other, making one-loop correc- 
tions finite even before the regularization. While the superfield formalism is more 
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efficient, here we choose to calculate the one-loop corrections in the components 
to compare it with the known result by Pisarski and Rao for the bosonic part [2]. 
Their work was done in Euclidean time with the dimensional regularization and 
our work is done in Minkowski time. Our results agree with theirs where they 
overlap. 

The plan of this paper is as follows. We introduce the N = 3 supersymmetric 
Lagrangian and its supersymmetric transformations. Straightforward truncations 
lead to the N = 1,2 models. Then we study one-loop corrections in general 
and establish the method to calculate the renormalized coupling constants and 
masses. After that we perform the relevant one-loop calculations and present the 
renormalized parameters. Finally we discuss the implications of our results to the 
pure Chern-Simons theories and to the quantum correction in the broken phases 
of the self-dual Chern-Simons Higgs theories. 

First, we present the N = 3 supersymmetric Yang-Mills Chern-Simons theory 
of a given gauge group with an explicit 0(3) symmetry. The gauge multiplet is 
made of the field for one massive vector of spin 1, and the field A a for three 
Majorana fermions of spin 1/2, and the field C a for three neutral scalar bosons and 
the field x for a Majorana fermion of spin —1/2. The super Yang-Mills Lagrangian 
can be obtained from the dimensional reduction of the pure N = 2 super Yang-Mills 
theory in four dimensions, 

Cym = 4 tr{ - ifj, + (D^C) 2 + (A,) 2 + + >x%X 

+ i€abcK[h,C c ] - 2i\ a [x,C a ] - -[C a ,C b ][C b ,C a ] >, 

where = — i[A^,}, and a,b,c = 1,2,3. The gauge group generators in the 
fundamental representation satisfy [T m ,T n ] = if lmn T l , and trT m T n = 5 mn /2. 
The fields belong to the adjoint representation and = A™T a et. cetra. The 
quadratic Casimir number c v for the group is given by f kmn f lmn = Cv 5 kl . Here, the 
metric is given by r]^ = diag(l, —1, —1) and e 012 = eoi2 = 1- The pure imaginary 
gamma matrices satisfy 7^7^ = rf v — ie^ vp ^ p . The dimensional reduction of the 
N = 2 supersymmetry implies that this theory has the not-so-obvious iV = 4 
supersymmetry. 
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By supersymmetrizing the Chern-Simons term, we get the supersymmetric 
Chern-Simons Lagrangian[6], 

Cos = « trje^(A^A p -^^^ 

(2) 

The Lagrangian we study is the sum of Cym an d Cqs [6]- Note that the corre- 
sponding N = 2 theories can be easily obtained by setting C\ — C2 — D\ — D2 = 
A3 = x = 0- The N — 1 theories are obtained from N = 2 theories by further 
imposing C3 = 0, A2 = 0. The N = 3 supersymmetric transformation of the fields 
is given by 

5\ a = i$a a - e abc (D b a c - ipC b a c ) + i[C a , C b ]a b , 
5x = -ipC a a a - D a a a + -e abc [C b , C c ]a a , 
5C a = -e abc a b \ c + a a x, 
5D a = ie abc a b y)\ c + ia a y)x + ^b^a,C b ] 

- i[a b \ b , C a ] + i[a a \ b , C b ] - ie abc a b [x, C c ], 

where B p = e p,vp d v Ap. While we do not know whether there is a N = 3 superfield 
formalism, clearly it can be written in terms of the N = 1 or iV = 2 superfields[7]. 

By using the field equation D a + ng 2 C a = 0, of the Lagrangian Cym + £css we 
can eliminate the auxiliary field D a and obtain the following on-shell Lagrangian: 

£ = j trj - ±F% + {D^Caf + iXa-fD^Xa + ixi^DpX 

+ ie abc \ a [h,C c ] -2i\ a [ x ,C a ] - ^[C a ,C b ][C b ,C a ] 

+k tr\^ pvp {A p d v A p - 2 -iA p A v A p ) - Kg 2 C 2 a - X a X a + XX 
1 

~ -^ e abcC a [Cb> C c 

Due to the mass term for C a , the ground state of the theory is the symmetric 
vacuum where < C a > v — 0. This contrasts the pure Yang-Mills case whose vacua 
have a flat direction. 



(4) 
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We are here interested in calculating one-loop corrections to the theory. If we 
scale the gauge field by A™ — > gA™, we can see the expansion parameter is g 2 , 
which has a dimension of mass. The dimensionless coupling constant turns out to 
be which should be small for the perturbative expansion to work. With the 

usual covariant gauge fixing term, 

£ S f = -^(^) 2 > ( 5 ) 

we get the Fadeev-Popov ghost Lagrangian, 

C FP = d^fj m d„r] m + f lmn d»ftA™rf. (6) 



Combining the Lagrangian (4) and the gauge fixing terms (5) and (6), we 
obtain the quadratic terms 



Co = ^A m » j(dV - W - me^ p dP + A* 



+ ^C a {-d 2 -m 2 }C a + ^X a {ip-m} X a + {ifi+m} X (?) 
+ fj m (-d 2 )r] m , 



where m = Kg 2 . From the quadratic terms (7), it is straightforward to get the 
propagators for the gauge, scalar, and fermion fields. Here we show only the 
propagator for the gauge field, 



p z (p z — m z ) p* 



To avoid the infrared divergence, we use the Landau gauge £ = 0. 

Since the theory is finite, we can calculate perturbatively the effective action 
in terms of the bare fields and parameters without introducing the counter terms. 
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Because of the Lorentz and gauge invariance, the gluon self-energy takes the form: 
7i>(p) = (p 2 r]^ ~ PvPv)~Re(p 2 ) - ie^ p p p U (p 2 ) + p^Usip 2 ). (9) 
The kinetic term in the effective action for the gauge boson is then 

i^MY 1 = + Mp). (io) 

With the correction ip 2 Tl(p 2 ) to the ghost propagator, we get the corrected ghost 
kinetic term, 

^(A(p))- 1 = ^(A (p))- 1 +j9 2 n(p). (11) 

The part of the effective action which is similar to the classical Lagrangian 
can be written in terms of the renormalized fields and parameters with the stan- 
dard normalization. This leads the relation between the renormalized fields and 
parameters and the bare fields and parameters. For example, 

A ™ = v/ ^" 4 ™ n/i ' (12) 
V — v z ?7 ren . 

From Eq.(ll) we see the ghost field renormalization factor is 

z = i-n(o). (13) 

With our normalization of the gauge field kinetic term, the interaction term be- 
tween the ghost fields and the vector boson should be again unity after renormal- 
ization by the Ward indentity, which means that 

Z s = Z- 2 . (14) 

With the definition = 1 — Uq(0)/k, the renormalized Chern-Simons coefficient 
is 

K ren = ^ZfoZ^ = kZ^Z 

1 ~ (15) 

= «(i--ii o (0) + 2n(o)). 

K 

The renormalized coupling g 2 en = g 2 (Z g Z%)~ 1 with Z g = 1 + g 2 n e (0) is not 
much interesting. The renormalized mass for the vector bosons can be obtained 
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from Eq.(9). We calculate the pole of the propagator at p 2 = m 2 and so 

m ren = [1 + g 2 U e {m 2 ) - -U (m 2 )]m. (16) 

K 

We can also calculate the similar mass corrections to the matter fields. As the 
supersymmetry is preserved, the renormalized mass for the matter fields will turn 
out to be identical to that of the vector bosons. 

We first calculate the correction to the ghost propagator 



ic v m 



d 3 k [k 2 p 2 - (k ■ p) 2 ] 



n(P ) np 2 J {2itf k 2 {k 2 - m 2 ){k - p) 2 ' (17) 

There are seven Feynman graphs contributing to the gluon self-energy, but only 
three of them yield no n- vanishing corrections to Il : one gluon loop and two fermion 
loops. Because of the supersymmetry, the result is free of ultraviolet divergence 
and there is no need of regularization. After some algebra we have the bosonic and 
fermionic contributions, 



„ B , 2x ic v m f d 3 k \k 2 p 2 - (k ■ p) 2 ]\hk 2 - 5k ■ p + 4p 2 - 2m 2 } 
n o VP ) ~ ' 



<{P 2 ) = 



p 2 J (27r) 3 k 2 (k 2 - m 2 )(k - p) 2 [(k - p) 2 - m 2 ] 
d 3 k -2p 2 



(18) 



p 2 J (27r) 3 {k 2 — m 2 ) [(k — p) 2 — m 2 ] ' 



which we can evaluate explicitly. Since H(p 2 ) and tl (p 2 ) vanishes at the large 
momentum limit, the parameter k does not get renormalized in short distance. 
The one-third of the A a contribution is cancelled by the x contribution. The 
bosonic contribution to the odd part comes only from the gauge field. We can see 
that both and are finite. 

Taking the zero momentum limit, we get for the = 3 case that 

6n\K\ 

nf (o) = (19) 



nf(o)= ' 



Ak\k\ 

The above corrections hold equally well for the N = 2 case. But for the N 
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case, the fermionic contribution rFj(O) should be one half of the above result. From 
Eq. (15), we see immediately see that 



Kren|jv =2j 3 ~ K i 

I c v k (20) 



liV=1 ' 87rk|' 



to one loop order. The shift in k — Atck for the N — 1 case is c v /2, which is a 
half integer if c v is odd. In this case, the theory would be quantum mechanically 
anomalous. 

For the mass correction, we calculate the U e (p 2 ) for the N = 3 case, which is 
the sum of the bosonic contribution Ilf (p 2 ) and the fermionic contribution Ilf(p 2 ): 

ic^ r d s k r -6[k 2 P 2 - (k ■ p) 2 ] Q P 2 

2p~*J (2vr) 3 \ (k 2 - m 2 ) [{k - p) 2 - m 2 ] + (k 2 - m 2 ) 

[k 2 p 2 - (k ■ pf]Q 
k 2 {k 2 — m 2 ){k — p) 2 [(k — p) 2 — m 2 ] . . 

, (S/3)P 2 ] 
(k 2 — m 2 ) J ' 

ic w /" rf 3 fc J -8(fc • p) 2 + 8(fc • p)p 2 + 8mV 1 
2p^J (2tt) 3 \ (A; 2 -m 2 )[(A;-p) 2 -m 2 ] J ' 

where Q = -3k 2 (k-p) 2 -2k 2 p 2 -4(k-p) 2 p 2 -2(k-p) 2 + m 2 k 2 -m 2 (k-p). The first 
line in Uf (p 2 ) comes from the scalar loop diagrams, the second line comes from 
the combination of the gluon and ghost loop diagrams, and the third line comes 
from the gluon tadpole diagram. Note that in Ilf (p 2 ), the contributions from A 
and x loops are of the same sign, unlike the case in Uf (p 2 ). The corresponding 
N = 2 results can be obtained by multiplying a factor of 1 /3 to the scalar diagrams 
and a factor of 1/2 to the fermion diagrams. The results for iV = 1 is obtained 
by dropping the scalar contribution and multiplying a factor 1/4 to the fermion 
contribution. One can see easily that the linear divergences in Uf and Ilf cancel 
each other for each N. 

We can calculate explicitly H e (p 2 ) and n o (p 2 ) and get the results for the N = 3 



nf (p 2 ) = 



nf (p 2 ) = 
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case, 



g 2 Tl e (m 2 ) = J^_(51n3-4 + m), 
647T m 



(22) 

647r m 



2 

n (m 2 )//t = - f ^ , (llln3 + 4-i7r). 



Note that the pole of the propagator is p 2 = m 2 — ie. Similar results can be 
obtained for N — 1,2 cases. From Eq.(16), we get the mass corrections, 



a I c vm 
Am 



\N=3 47fi 



K\ 



i 3c v m , 

Am l^ = (23 > 

I c w m 

Am , r | = : r. 

As a check to the above results, we also calculated the mass corrections to all other 
particles in the supermultiplets and got the identical results. We expect the su- 
persymmetry is preserved quantum mechanically and see that the supersymmetry 
is preserved as far as the one-loop mass correction is concerned. 



We thus have obtained the shift of the Chern-Simons coefficient for the super- 
symmetric Yang-Mills Chern-Simons theories. For the N = 2, 3 cases, there is no 
correction and for the N = 1 case, the shift is k — > k + c v /2. If the correction 
in the N — 1 case is a half integer, the theory would be anomalous. The result 
depends crucially on the sign of the various terms. As a check, we also calculated 
the mass correction to charged particles and have shown that the supersymmetry 
is preserved. 

There are many interesting implications arising from our results. It would be 
interesting to understand the possibly anomalous N = 1 supersymmetric theory in 
terms of the effective action induced by the integrating over a massive Majorana 
fermion. This seems quite analogous to the global Z2 anomaly discovered by Witten 
in the four dimensional gauge theory [8]. 

In calculating the knot invariant, Witten observed that the shift k — > k + c v 
occurs naturally in the pure Chern-Simons theory [9]. It would be also interesting 
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to find the similar arguments for the supersymmetric knot invariants which is 
consistent with our results. 

Finally, our work is also motivated partially by the recent controversy about 
the quantum corrections to the Chern-Simons coefficient when the gauge symme- 
try is spontaneously broken by the Higgs field[10]. The calculations done for both 
abelian and nonabelian gauge groups suggest that in the broken phase the quan- 
tum correction depends on whether the coefficient is for the unbroken symmetry 
generators or the broken symmetry generators. It seems that the correction for 
the unbroken generators is an integer [11] and that for the broken generators is a 
complicated function of the coupling constants. It has been argued that the correc- 
tions to the broken generators can be viewed as parts of a gauge invariant effective 
action which imitates the Chern-Simons term in the broken phase, which has been 
shown explicitly in abelian case[12]. 

However, there are good reasons for the correction to the Chern-Simons coeffi- 
cient to be quantized even in broken phase[13]. Especially we have shown that this 
is indeed the case in a special class of theories, the abelian self-dual Chern-Simons- 
Higgs models[13]. We expect also that for the nonabelian self-dual Chern-Simons- 
Higgs systems the correction is quantized. In calculating the quantum corrections 
in these theories, one has to understand the role of the Yang-Mills term and the 
regularization dependency. This work answers this question. 
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